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Abstract. The principle of local gauge invariance is applied to fractional wave equations and the interaction
term is determined up to order o(g¯) in the coupling constant g¯. As a first application, based on the Riemann-
Liouville fractional derivative definition, the fractional Zeeman effect is used to reproduce the baryon
spectrum accurately. The transformation properties of the non relativistic fractional Schro¨dinger-equation
under spatial rotations are investigated and an internal fractional spin is deduced.
PACS. 45.10.Hj Perturbation and fractional calculus methods – 11.15.-q Gauge field theory – 12.40.Yx
Hadron mass models and calculations
1 Introduction
Historically the first example for a quantum field theory
is quantum electro dynamics (QED), which successfully
describes the interaction between electrons and positrons
with photons [1],[2]. The interaction type of this quantum
field theory between the electromagnetic field and the elec-
tron Dirac field is determined by the principle of minimal
gauge invariant coupling of the electric charge.
For more complex charge types, this principle may be
extended to non abelian gauge theories or Yang-Mills field
theories [3]. A typical example is quantum chromo dy-
namics (QCD), which describes a hadronic interaction by
gauge invariant coupling of quark fields with gluon fields.
Hence local gauge invariance seems to be a fundamen-
tal principle for a study of the dynamics of particles [4].
In the following we will apply the concept of local
gauge invariance to fractional fields and will outline the
basic structure of a quantum field theory based on frac-
tional calculus.
The fractional calculus has fascinated mathematicians
since the days of Leibniz [5]-[7]. The interest in fractional
relativistic quantum wave equations is a relatively new
one. In 2000, Raspini [8],[9] has proposed a fractional Dirac
equation of order α = 2/3 and found the corresponding
γµα-matrix algebra to be related to generalized Clifford
algebras. Za´vada [10] has generalized this approach and
found, that relativistic covariant equations generated by
taking the n-th root of the d’Alembert operator are frac-
tional wave equations with an inherent SU(n) symmetry.
Since the only mechanism currently used to introduce
a symmetry like SU(n) involves non abelian gauge fields
as proposed by Yang-Mills, the study of gauge invariant
fractional wave equations is a new, interesting alternative
approach to establish a SU(n) symmetry.
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Until now, only free fractional fields have been studied
[11],[12]. In this paper, we will apply the principle of local
gauge invariance to fractional wave equations and derive
the resulting interaction up to order o(g¯) in the coupling
constant g¯. As an application, we will use the fractional
generalization of the classical Zeeman effect [13] for non
relativistic particles to reproduce the spectrum of baryons
accurately.
2 Notation
The fractional calculus [14]-[16] provides a set of axioms
and methods to extend the coordinate and correspond-
ing derivative definitions in a reasonable way from integer
order n to arbitrary order α:
{xn,
∂n
∂xn
} → {xα,
∂α
∂xα
} (1)
The definition of the fractional order derivative is not
unique, several definitions e.g. the Riemann, Caputo, Weyl,
Riesz, Feller, Gru¨nwald fractional derivative definition co-
exist [17]-[22]. To keep this paper as general as possible,
we do not apply a specific representation of the fractional
derivative operator.
We will only assume, that an appropriate mapping on
real numbers of coordinates x and fractional coordinates
xα and functions f and fractional derivatives g exists and
that a Leibniz product rule is defined properly.
Therefore we use xα as a short hand notation for e.g.
sign(x)|x|α as demonstrated in [23] and ∂α/∂xα as a short
hand notation for e.g. the fractional left and right Rie-
mann Liouville derivative (Dαa+, D
α
a−) as demonstrated in
[24].
(Dαa+f)(x) =
1
Γ (1− α)
∂
∂x
∫ x
a
dξ (x − ξ)−αf(ξ) (2)
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(Dαa−f)(x) =
1
Γ (1− α)
∂
∂x
∫ a
x
dξ (ξ − x)−αf(ξ) (3)
Only in section 6, where the fractional Zeeman effect is
examined, we explicitely use the Riemann-Liouville frac-
tional derivative.
The Leibniz product rule is used in the following form
[14],[15]:
∂α
∂xα
(φψ) =
∞∑
k=0
(
α
k
)
(
∂k
∂xk
φ)(
∂α−k
∂xα−k
ψ) (4)
where the fractional binomial is given by(
α
k
)
=
Γ (1 + α)
Γ (1 + k)Γ (1 + α− k)
(5)
and Γ (z) is the Euler Γ -function.
Since until now, there exists no specific theory of frac-
tional tensor calculus, in the following we propose nota-
tions, which turn out to be useful.
Especially the fractional derivative and in general the
quantities we will investigate are elements of a direct prod-
uct space of the discrete coordinate space on one hand,
whose discrete coordinate indices are denoted by µ, ν, .. =
0, .., 3 and on the other hand the continuous space of frac-
tional derivatives, which are labeled with α, β, ... ∈ R.
These are real numbers, which in the case α < 0 or β < 0
are interpreted as a fractional integral of order α and β
respectively.
For the covariant fractional derivatives of order α we
introduce the short hand notations
∂α
∂(xµ)α
f = ∂αµf = f
α
|µ (6)
Einsteins summation convention for tensors e.g.
∂µ = gµν∂
ν =
3∑
ν=0
gµν∂
ν (7)
is extended to the continuous case for the fractional deriva-
tive coefficients
∂α = gαβ∂
β =
∫ +∞
−∞
dβgˆ(α, β)∂β (8)
where gˆ(α, β) is an appropriately chosen function of the
two variables α, β.
Hence we define the generalized metric tensor
ηµναβ = diag{−1, 1, 1, 1}δ(α− β) (9)
where δ(α− β) is the Dirac delta function for raising and
lowering of indices.
Therefore the fractional derivative objects are formally
described in a manner similar to the case of spinor objects.
A quantity like e.g. Fαµν behaves as a tensor of rank 2 in
coordinate space and as a vector in the sense of (8) in
fractional derivative space.
With these definitions, the contravariant fractional deriva-
tive follows as:
∂µαf = f
|µ
α = η
µν
αβ∂
β
ν f (10)
Calculations are performed in natural units h¯ = c = 1.
Finally, we have to resolve an ambiguity, which is spe-
cific to fractional tensor calculus. For α = 0 the use of the
fractional derivative introduces an index and therefore
∂0µf = f (11)
obviously violates the principle of covariance, since the
tensor rank differs for left and right hand side of (11).
Consequently we introduce the Kronecker delta δµ0 :
δµ0 ∂
0
µf = δ
0
µ∂
µ
0 f = f (12)
and perform a pseudo-summation, which is reduced to a
single term. We introduce the abbreviations
δµ0 ∂
0
µ = δ
(µ) (13)
δ0µ∂
µ
0 = δ(µ) (14)
and call (µ) a pseudo index, where summation is per-
formed, but the tensor properties in fractional coordinate
space are not affected.
The Kronecker delta may be generalised to
δ(µ)
τ∂ατ f = ∂
α
(µ)f (15)
where ∂α(µ)f transforms like a scalar in fractional coordi-
nate space, but the derivative with respect to µ is per-
formed. With this definition, the Kronecker delta will be
used like
δ(µ)
τσ∂ατ ∂
−β
σ f = δ(µ)
τ∂α−βτ f = ∂
α−β
(µ) f (16)
Hence introducing the Kronecker delta extends manifest
covariant tensor calculus in a reasonable way to fractional
derivative tensors.
3 Generalized Euler-Lagrange equations for
fractional fields
Euler-Lagrange equations for the Riemann-Liouville par-
tial fractional derivative have been derived by Baleanu and
Muslih [24] for classical fields, described by a Lagrange
density L of type L = L(φ, φα|µ).
For our purpose, an extended version of the Lagrange
density for a field φ is needed, which is given by
L = L(φ, φα|µ, φ
−α
|µ , φ
−α+1
|µ , ..., φ
−α+k
|µ ) (17)
Following [24],[25] variation of the covariant action S =∫
d4xL yields the corresponding Euler-Lagrange equations
∂L
∂φ
− ∂αµ
∂L
∂(φα|µ)
−
k∑
n=0
(−1)n∂−α+nµ
∂L
∂(φ−α+n|µ )
= 0 (18)
Since the Lagrange density is non local, special care should
be taken handling the corresponding Hamiltonian[24].
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4 Free fractional fields
4.1 The free matter field
As an example for a Lorentz-invariant, relativistic free
fractional field equation we present the fractional exten-
sion of the Dirac equation.
Setting
α = 2/n (19)
with n = 2, 3, 4, .., the fractional Dirac equation results
from the n-fold factorization of the relativistic energy-
momentum relation
Eˆ2 = pˆ2 +m2 (20)
and is given by [8],[9]:
(iγµα∂
α
µ + 1αm
α)Ψ = 0 (21)
The γµα-matrices are built from triads of traceless, unitary
n × n matrices, which span a subspace of SU(n) and 1α
is the corresponding unit matrix. They obey an extended
Clifford algebra [10]:
∑
{pi}
n∏
i=1
γµiα = n!δ
µ1µ2...µn (22)
where {pi} denotes all permutations of γµiα and δ
µ1µ2...µn
denotes the Kronecker delta.
The corresponding Lagrange density is given by [24]:
LD = Ψ¯(iγ
µ
α∂
α
µ + 1αm
α)Ψ (23)
4.2 The free gauge field
As an example for an abelian fractional gauge field we
present the fractional extension of the Maxwell equations.
We define the fractional field strength tensor of rank 2 in
coordinate space and rank 1 in fractional derivative space
by
Fαµν = ∂
α
ν Aµ − ∂
α
µAν (24)
The Lagrange density for the fractional electro-magnetic
field LEM is given by
LEM = −
1
4
FαµνF
µν
α (25)
Variation of LEM with respect to the fractional potential
Aµ yields the fractional inhomogenous Maxwell equations
∂αµF
µν
α = 0 (26)
The potential Aµ is not uniquely determined. A change of
the potential of type
A
′
µ = Aµ + ∂
α
µφ = Aµ + φ
α
|µ (27)
leaves the field strength tensor unchanged and is therefore
called a gauge transformation.
5 Gauge invariance in first order of the
coupling constant g¯
In the previous section we have presented an example for
a fractional free field, the relativistic fractional Dirac field
and for a fractional gauge field, the fractional electromag-
netic field.
We now postulate, that the principle of local gauge
invariance is valid for fractional wave equations, too.
The requirement of invariance of the fractional La-
grange density for the Dirac field under local gauge trans-
formations should uniquely determine the type of the in-
teraction with a fractional gauge field.
We therefore will investigate the transformation prop-
erties of the fractional analogue of the free QED-Lagran-
gian LfreeFQED:
LfreeFQED = Ψ¯(iγ
µ
α∂
α
µ + 1αm
α)Ψ −
1
4
F βµνF
µν
β (28)
where α = 2/n and β both denote derivatives of fractional
order. Special cases are: For α = 1 a fractional electric field
couples to the standard Dirac field, for β = 1 a standard
electric field couples to a fractional Dirac field. For α = β
both fractional fields are of similar type. For α = β = 1 the
Lagrange density (28) reduces to the QED Lagrangian.
Under local gauge transformations the following trans-
formation properties hold:
Ψ¯
′
= Ψ¯e−ig¯φ(x) (29)
Ψ
′
= eig¯φ(x)Ψ (30)
A
′
µ = Aµ + φ
β
|µ (31)
The transformation properties of the fractional derivative
operator ∂αµ may be deduced from:
Ψ¯
′
γµα∂
α
µΨ
′
= Ψ¯
′
γµα∂
α
µ e
ig¯φΨ (32)
= Ψ¯
′
γµα(e
ig¯φ∂αµ + [∂
α
µ , e
ig¯φ])Ψ (33)
= Ψ¯γµα(∂
α
µ + e
−ig¯φ[∂αµ , e
ig¯φ])Ψ (34)
The commutator reflects the non locality for the fractional
derivative. Since there is no simple fractional analogue to
the chain rule, which is known for the standard deriva-
tive, this commutator cannot be evaluated directly, with-
out loss of clarity.
Therefore we will restrict our derivation to gauge in-
variance up to first order in the coupling constant g¯ only,
which corresponds to an infinitesimal gauge transforma-
tion.
We obtain:
e−ig¯φ[∂αµ , e
ig¯φ] = (1− ig¯φ)[∂αµ , 1 + ig¯φ] (35)
= (1− ig¯φ)[∂αµ , ig¯φ] (36)
= ig¯[∂αµ , φ] + o(g¯
2) (37)
We define the fractional charge connection operator Γˆαβµ ,
which in a fractional charge tangent space is the analogue
4 Richard Herrmann: Gauge invariance in fractional field theories
to the fractional Christoffel symbols in a fractional coor-
dinate tangent space or the fractional Fock-Ivanenko co-
efficients in a fractional spinor tangent space:
Γˆαβµ (ξµ) = δ(µ)
στ [∂ασ , (∂
−β
τ ξµ)] (38)
= δ(µ)
στ [∂ασ , ξ
−β
µ|τ ] (39)
with the Kronecker delta δ(µ)
στ , where (µ) indicates that
a summation over µ is performed, which reduces the sum
(38) to a single term (39), but on the other hand (µ)
should be ignored, when the transformation properties in
fractional coordinate space are determined, therefore the
vector character of Γˆαβµ (ξµ) is conserved in the fractional
coordinate space.
This operator is linear
Γˆαβµ (ξµ + ζµ) = Γˆ
αβ
µ (ξµ) + Γˆ
αβ
µ (ζµ) (40)
It should be emphasized, that Γˆαβµ (ξµ) is an operator and
therefore does not transform as a simple c-number. But
up to first order in g¯ the relation
Ψ¯
′
γµαig¯Γˆ
αβ′
µ (ξµ)Ψ
′
= Ψ¯γµαig¯Γˆ
αβ
µ (ξµ)Ψ + o(g¯
2) (41)
holds. Hence the fractional derivative operator ∂αµ trans-
forms as
Ψ¯
′
γµα∂
α
µΨ
′
= Ψ¯γµα(∂
α
µ + ig¯Γˆ
αβ
µ (φ
β
|µ))Ψ + o(g¯
2) (42)
Therefore we define the covariant fractional derivative Dαµ
as
Dαµ = ∂
α
µ − ig¯Γˆ
αβ
µ (Aµ) (43)
It transforms as
Dα
′
µ = ∂
α
µ + ig¯Γˆ
αβ
µ (φ
β
|µ)− ig¯Γˆ
αβ′
µ (A
′
µ) (44)
With the covariant fractional derivativeDαµ it follows from
(41) and from the linearity of the fractional charge con-
nection operator Γˆαβµ , that the Lagrange density LFQED
for the fractional extension of QED
LFQED = Ψ¯(iγ
µ
αD
α
µ + 1αm
α)Ψ −
1
4
F βµνF
µν
β (45)
is invariant under local gauge transformations up to first
order in the coupling constant g¯.
Variation of LFQED with respect to Ψ¯ leads to the
Dirac equation for the fractional Dirac field Ψ :
(iγµα∂
α
µ + 1αm
α)Ψ = −g¯γµαΓˆ
αβ
µ (Aµ)Ψ (46)
Variation of LFQED with respect to the four potential Aµ
leads to the fractional Maxwell equations
∂βµF
µν
β = −g¯Ψ¯γ
ν
α(δ(ν)
στ∂−βτ ∂
α
σ )Ψ (47)
= −g¯Ψ¯γνα(δ(ν)
σ∂α−βσ )Ψ (48)
= −g¯Ψ¯γνα∂
α−β
(ν) Ψ (49)
with δ(ν)
στ is the Kronecker delta, where (ν) indicates,
that the term (δ(ν)
στ∂−βτ ∂
α
σ ) transforms like a scalar in
fractional coordinate space but summation is performed
in (47), which yields a single term ∂α−β(ν) in (49), which for
α = β becomes 1, while for α > β fractional differentiation
and for α < β fractional integration is performed.
The term on the right side of (47) is the variation of
LΓ = g¯Ψ¯γ
µ
αΓˆ
αβ
µ (Aµ)Ψ (50)
with respect to the four potential Aµ and may be derived
using the Leibniz product rule for fractional derivatives
(4):
LΓ = g¯Ψ¯γ
µ
αΓˆ
αβ
µ (Aµ)Ψ (51)
= g¯Ψ¯γµα(δ(µ)
στ [∂ασ , A
−β
µ|τ ])Ψ
= g¯Ψ¯γµα(δ(µ)
στ (∂ασA
−β
µ|τ −A
−β
µ|τ∂
α
σ ))Ψ
= g¯Ψ¯γµα(δ(µ)
στ (
∞∑
k=0
(
α
k
)
A−β+k
µ|τ ∂
α−k
σ −A
−β
µ|τ∂
α
σ ))Ψ
= g¯Ψ¯γµα(δ(µ)
στ
∞∑
k=1
(
α
k
)
A−β+k
µ|τ ∂
α−k
σ )Ψ (52)
Therefore LΓ is a function of type (17). Applying the cor-
responding Euler-Lagrange equations (18) to (52) yields
∞∑
k=1
(−1)k∂−β+kτ
∂LΓ
∂(A−β+k
µ|τ )
= (53)
= g¯Ψ¯γµα(δ(µ)
στ
∞∑
k=1
(
α
k
)
(−1)k∂−β+kτ ∂
α−k
σ )Ψ (54)
= g¯Ψ¯γµα(δ(µ)
στ∂−βτ ∂
α
σ
∞∑
k=1
(
α
k
)
(−1)k)Ψ (55)
= −g¯Ψ¯γµα(δ(µ)
στ∂−βτ ∂
α
σ )Ψ (56)
Hence the coupling term in (47) is derived.
The non linear field equations (46) and (47) completely
determine the interaction of the fractional Dirac field with
the fractional gauge field up to first order in o(g¯). There-
fore we have proven, that the principle of local gauge in-
variance still is effective for fractional fields.
Furthermore, besides the mechanism proposed by Yang-
Mills, now there exists an alternative approach to imple-
ment an inherent SU(n)-symmetry. While in a Yang-Mills
theory, the SU(n)-symmetry is explicitely introduced via
a non abelian gauge field, now the same symmetry is intro-
duced implicitly via the fractional Dirac equation leaving
the symmetry of the fractional gauge field abelian. There-
fore equations (45),(46) and (47) serve as an alternative
formulation of a gauge field theory of e.g. for α = β = 2/3
the strong interaction of hadrons.
For α = 1, β = 1 these equations reduce to the stan-
dard QED equations. For α 6= 1, β 6= 1 the major exten-
sions are: the electric field Aµ extends from a c-number
to a non local operator, which we called the fractional
charge connection operator. The γµα-matrices obey an ex-
tended Clifford algebra, which reflects the transition from
SU(2) to SU(n > 2). This makes the fractional QED an
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interesting candidate to describe properties of particles,
which obey an inherent SU(n) symmetry.
To help to get this idea accepted we investigate in the
following section the fractional extension of the classical
Zeeman effect, which will be applied to a description of
the baryon mass spectrum.
6 A first application - the fractional Riemann
Liouville Zeeman effect
In the previous section, we have applied a local gauge
transformation to a free fractional Dirac field and obtained
a fractional interaction with the fractional gauge field. Of
course, this method is neither restricted to spinor fields
nor does it rely on Lorentz-covariant wave equations, but
may be applied to other free fields as well.
In this section, we will present a simple example to
illustrate the validity of the proposed mechanism to gen-
erate an interaction for fractional fields. We will investi-
gate the fractional analogue of the classical Zeeman effect,
which describes the level splitting of a charged particle in
an external constant magnetic field.
For that purpose, we will first derive the fractional non-
relativistic Schro¨dinger equation including the interaction
term.
6.1 The fractional Schro¨dinger equation minimally
coupled to an external fractional gauge field
The Lagrange density LfreeFS for the free fractional Schro¨-
dinger field is given by
LfreeFS = −
1
2m2α−1
(∂iαΨ)
∗(∂αi Ψ) + iΨ
∗∂tΨ (57)
Local gauge invariance up to first order in g¯ is achieved
by a replacement of the fractional derivative by
Dαµ = {Dt, D
α
i } = {∂t + ig¯V, ∂
α
i − ig¯Γˆ
αβ
i (Ai)} (58)
= {Dt,D
α} = {∂t + ig¯V,∇
α − ig¯Γˆ
αβ
} (59)
Therefore the free Lagrange density (57) is extended to
LFS = −
1
2m2α−1
(DiαΨ)
∗(Dαi Ψ) + iΨ
∗(∂t + ig¯V )Ψ (60)
Variation of LFS with respect to Ψ
∗ yields the fractional
Schro¨dinger equation including an interaction with an ex-
ternal gauge field:
−
1
2m2α−1
((∂αi − ig¯Ωˆ
αβ
i )D
i
α − i(∂t + ig¯V ))Ψ = 0 (61)
or
−
1
2m2α−1
(∂αi ∂
i
α− ig¯(Ωˆ
αβ
i ∂
i
α+∂
i
α Γˆ
αβ
i ))Ψ = i(∂t+ ig¯V )Ψ
(62)
or in vector notation
−
1
2m2α−1
(∆αα− ig¯(Ωˆ
αβ
∇α+∇α Γˆ
αβ
))Ψ = i(∂t+ ig¯V )Ψ
(63)
where ∆αα = ∇
α∇α and Ωˆ
αβ
i
Ωˆαβi (Ai) = −δ(i)
στ
∞∑
k=1
(
α
k
)
(−1)k∂α−kσ A
−β+k
i|τ (64)
results from the variation of Γˆαβi (Ai)Ψ
∗.
With (61)-(63) the fractional Schro¨dinger equation in-
cluding the interaction with an external electro-magnetic
field is derived, which is invariant under infinitesimal gauge
transformations.
6.2 The fractional Riemann-Liouville Zeeman effect
We will now solve the derived fractional Scho¨dinger equa-
tion for a specific external field, which is the fractional
analogue for a constant external magnetic field. In order
to simplify the procedure, we will consider the special case
of similar fractional order of the fractional matter field and
the fractional electro-magnetic field and set α = β.
The fractional charge connection operator is then given
according to (52) by
Γˆααi =
∞∑
k=1
(
α
k
)
(∂−α+ki Ai)∂
α−k
i (65)
and according (64)
Ωˆααi = −
∞∑
k=1
(
α
k
)
(−1)k∂α−ki (∂
−α+k
i Ai) (66)
In order to evaluate these series, we apply the Riemann-
Liouville fractional derivative (2),(3) with a = 0.
∂αxν =
Γ (1 + ν)
Γ (1 + ν − α)
xν−α, ν − α ≥ −1 (67)
We now introduce the external field A:
A = {−
1
2
Bx1−αy2α−1zα−1,
1
2
Bx2α−1y1−αzα−1, 0} (68)
which for α = 1 reduces to {− 12By,
1
2Bx, 0} and is there-
fore the fractional analogue for a constant magnetic field
B. The fractional magnetic field Bα is given by:
Bα = {Bx, By, Bz} = ∇
α ×A (69)
= {0, 0,
B
2
Γ (2α)
Γ (α)
(
x1−αyα−1 + xα−1y1−α
)
zα−1}
= {0, 0,
B
2
Γ (2α)
Γ (α)
(
(
y
x
)α−1 + (
x
y
)α−1
)
zα−1} (70)
Since 1/Γ (0) = 0, the following conditions hold for the
z-component of the fractional magnetic field:
∂αx ∂
α
yBz = ∂
α
y ∂
α
xBz = ∂
α
z Bz = 0 (71)
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Therefore, within the specific context of the Riemann-
Liouville fractional derivative definition (2),(3), the frac-
tional magnetic field (69) indeed is the fractional extension
of a constant electro-magnetic field.
For the fractional derivatives of A we obtain
∂−α+1A = Γ (2− α){−
1
2
By2α−1zα−1,
1
2
Bx2α−1zα−1, 0}
(72)
and consecutively
∂k(∂−α+1A) = 0 (73)
As a consequence, the infinite series in (65) and (66) each
reduce to a single term.
Γˆ
αα
= αΓ (2− α)
B
2
zα−1{−y2α−1∂α−1x , x
2α−1∂α−1y , 0}
= Ωˆ
αα
(74)
We therefore obtain
∇αΓˆ
αα
= Ωˆ
αα
∇α (75)
We introduce the fractional analogue of the z-component
of the angular momentum operator Lˆz(α)
Lˆz(α) = i(y
α∂αx − x
α∂αy ) (76)
It follows:
∇αΓˆ
αα
= Ωˆ
αα
∇α = iαΓ (2− α)
B
2
zα−1Lˆz(2α− 1) (77)
The fractional Schro¨dinger equation (63) reduces to
−
1
2m2α−1
(∆αα+ g¯αΓ (2−α)Bz
α−1Lˆz(2α−1))Ψ = −i∂tΨ
(78)
With the product ansatz Ψ = e−iEtψ a stationary Schro¨-
dinger equation for the energy spectrum results in:
Hψ = −
1
2m2α−1
(∆αα+g¯αΓ (2−α)Bz
α−1Lˆz(2α−1))ψ = Eψ
(79)
With (79) we have derived the non relativistic fractional
Schro¨dinger equation for a spinless particle moving in a
constant external fractional magnetic field, which is gauge
invariant up to first order in gˆ. We want to emphasize, that
for a different choice of the fractional derivative definition
a different Hamiltonian results, e.g. for the Caputo[17]
fractional derivative definition zα−1 has to be replaced
by 1.
The derived equation is a fractional integro-differential
equation, a solution may be obtained by iteration. In low-
est order approximation, we set
zα−1Lˆz(2α− 1) ≈ ρLˆz(α) (80)
with the constant ρ and obtain
H0ψ0 = −
1
2m2α−1
(∆αα + g¯αΓ (2− α)BρLˆz(α))ψ = E
0ψ0
(81)
Table 1. A comparison of the experimental baryon spec-
trum from [28] with the mass formula (85), Listed are name,
proposed quantum numbers L and M , experimental mass
Eexp[MeV ], fitted mass Eth[MeV ] and error∆E[%]. For L = 1
and L = 2 the predicted baryon masses are compared with ex-
perimental meson masses. * indicates the status of a particle.
name L M Eexp[MeV ] Eth[MeV ] ∆E[%]
pi0 1 0 135 313.90 132.57
K0s 1 1 498 470.45 -5.46
ρ(770) 2 0 776 652.41 -15.87
K∗(892)0 2 1 896 808.96 -9.71
φ(1020) 2 2 1019 945.76 -7.19
N 3 0 938 959.39 2.28
Λ 3 1 1116 1115.94 0.02
Σ0 3 2 1193 1252.74 5.04
Ξ0 3 3 1315 1374.16 4.51
∆(1232) 4 0 1232 1240.53 0.69
Σ0(1385) 4 1 1384 1397.08 0.97
Ξ(1530) 4 2 1532 1533.87 0.14
Ω− 4 3 1672 1655.29 -1.00
Λ(1800) 4 4 1775 1764.44 -0.60
Λ(1520) 5 0 1520 1500.10 -1.28
Λ(1670) 5 1 1670 1656.65 -0.80
Ξ(1820) 5 2 1823 1793.45 -1.62
∆(1910) 5 3 1910 1914.87 0.25
Σ(2030) 5 4 2030 2024.01 -0.29
Λ(2100) 5 5 2100 2123.14 1.10
Σ(1750) 6 0 1750 1741.42 -0.49
Σ(1915) 6 1 1915 1897.97 -0.89
Ξ(2030) 6 2 2025 2034.76 0.48
∆(2150)(*) 6 3 2150 2156.18 0.29
Ω(2250) 6 4 2252 2265.33 0.59
Ω(2380)(**) 6 5 2380 2364.46 -0.65
Σc(2452) 6 6 2452 2455.27 0.13
Ξ(1950) 7 0 1950 1967.06 0.88
Λ(2110) 7 1 2110 2123.61 0.65
Λc 7 2 2286 2260.41 -1.14
∆(2420) 7 3 2420 2381.83 -1.58
Ξ+c (2467) 7 4 2467 2490.97 0.97
Ξ
′
+
c (2575) 7 5 2576 2590.10 0.56
Ξ0c (2645) 7 6 2645 2680.92 1.35
Ξ0c (2790) 7 7 2791 2764.73 -0.94
N(2190) 8 0 2190 2179.12 -0.50
Λ(2350) 8 1 2350 2335.67 -0.61
Ξ0c (2471) 8 2 2471 2472.47 0.06
Λ+c (2593) 8 3 2595 2593.89 -0.06
Ω0c 8 4 2698 2703.03 0.21
Σ0c (2800) 8 5 2800 2802.16 0.08
Λ+c (2880)(***) 8 6 2882 2892.98 0.38
Ξ(2980)(***) 8 7 2978 2976.79 -0.06
Ξc(3080)(***) 8 8 3076 3054.61 -0.70
Ω−(2380)(**) 9 0 2380 2379.27 -0.03
Σc(2520)(***) 9 1 2518 2535.82 0.69
Σc(2645)(***) 9 2 2646 2672.62 1.00
Λc(2880)(***) 9 4 2882 2903.18 0.74
Σ(3170)(∗) 9 7 3170 3176.94 0.22
Ξ+cc(∗) 10 9 3519 3517.06 -0.05
Ωcc ([29]) 11 8 3637 3627.63
Ωccc([29]) 15 15 4681 4702.20
Λ0b(***) 20 20 5620 5612.75 -0.13
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pi(139)
ρ(770)
N(938)
∆(1232)
N(1520)
Σ(1750) Ξ(1950)
N(2190)
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L=6
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L=4
L=3
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L=1
mesons baryons
L=9
Ω(2380)
Fig. 1. comparison of the experimental hadron spectrum [28]
with a fit of the energy spectrum derived for the fractional
Zeeman effect(85). Experimental masses are given as circles,
theoretical values are given as lines for a given L. Band heads
are labeled with their name and experimental mass from [28].
Note that the theoretical values for mesons L = 1, 2 are pre-
dicted values for baryon masses obtained with (85).
Since Lˆz(α) is the Casimir operator of the fractional
rotation group SOα(2), for an analytic solution a group
theoretical approach is appropriate [23].
In order to classify the multiplets only, the Hamilto-
nian (81) may be rewritten as a linear combination of the
Casimir operators Lˆ2(α) of SOα(3) which corresponds in a
classical picture to the fractional angular momentum and
Lˆz(α) of SO
α(2) which corresponds to the z-projection
of the angular momentum. The eigenfunctions are deter-
mined by two quantum numbers |LM>
H0 |LM>= m0 + a0Lˆ
2 + b0Lˆz |LM> (82)
The eigenvalues of the Casimir operators based on the
Riemann-Liouville fractional derivative definition are given
by [23]
Lˆz(α) |LM> = ±
Γ (1+ |M|α)
Γ (1 + (|M|−1)α)
|LM>
M = ±0,±1,±2, ...,±L (83)
Lˆ2(α) |LM> =
Γ (1 + (L+ 1)α)
Γ (1 + (L− 1)α)
|LM>
L = 0,+1,+2, ... (84)
where |M| is the absolute value of M . Note that for α = 1
the Casimir operators and the corresponding eigenvalues
reduce to the well known results of standard quantum me-
chanical angular momentum algebra [26].
With (83) and (84) the level spectrum of the multiplets
is determined
E0 = m0 + a0
Γ (1 + (L + 1)α)
Γ (1 + (L − 1)α)
± b0
Γ (1+ |M|α)
Γ (1 + (|M|−1)α)
(85)
6.3 Phenomenology of the baryon spectrum
We have derived in lowest order an analytic expression
(85) for the splitting of the energy levels of a non rela-
tivistic charged fractional spinless particle in a constant
fractional magnetic field. If we associate this particle with
a quark and the fractional magnetic field with a color mag-
netic field, this model should allow a description of the
hadron spectrum.
This assumption is motivated by results obtained by ab
initio calculations in lattice QCD [27], where a color flux
tube with almost constant color magnetic field between
quarks is observed.
Since we expect a similar result for self consistent so-
lutions of the nonlinear field equations (46) and (47), the
fractional Zeeman-effect serves as a simple, idealized model
for a first test, whether the hadron spectrum may be repro-
duced at all within the framework of a fractional abelian
field theory.
Therefore we will use formula (85) for a fit of the ex-
perimental baryon spectrum [28].
The optimum fit parameter set with an r.m.s error of
0.84% results as:
α = 0.112 (86)
m0 = −17171.6[MeV ] (87)
a0 = 10971.8[MeV ] (88)
b0 = 8064.6[MeV ] (89)
In figure 1 the experimental versus fitted values are shown.
In table 1 name, proposed quantum numbers L and M ,
experimental massEexp[MeV ] taken from [28], fitted mass
Eth[MeV ] according to (85) and error ∆E[%] are listed.
Remarkable enough, the overall error for the fitted
baryon spectrum L = 3, .., 9 is less than 1 %. A general
trend is an increasing error for small masses which possi-
bly indicates the limitations of a non relativistic model.
The α = 0.112 value corresponds in the sense of the
relativistic theory (see (19)) to an inherent SU(18) sym-
metry, which optimistically may be interpreted as the di-
rect product:
SU(18) = SU(N = 6)flavour ⊗ SU(3)color (90)
and is therefore an indirect indication for the maximum
number of different quark flavours to be found in nature.
In the lower part of table 1 the proposed (L,M) values
for Λc(2880) up to Λb give a rough estimate for the number
of particles, which are still missing in the experimental
spectrum.
For L = 1, 2 we can compare the theoretical mass pre-
dictions for baryons with the experimental meson spec-
trum, see upper part of table 1 and left part of figure
1. The results are surprisingly close to the experimental
masses, despite the fact that mesons and baryons are dif-
ferent constructs. This means, that the relative strength of
the fractional magnetic field b0 = Bq/mq, {q ∈ u, d, s, c}
is of similar magnitude in mesonic (qq¯) and baryonic qqq
systems.
Summarizing the results of this section we conclude,
that the fractional Zeeman effect, which describes the mo-
tion of a fractional charged particle in a constant fractional
magnetic field serves as a reasonable non relativistic model
for an understanding of the full baryon spectrum.
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This result has far reaching consequences: For the first
time the terms ”particle described by a fractional wave
equation” and ”fractional magnetic field” have success-
fully been associated with the entities quark, which fol-
lows a SU(n)flavour symmetry and color, which follows a
SU(3)color symmetry.
Besides classical QED a set of wave equations e.g. the
Dirac-, Pauli- and Schro¨dinger equation describe the inter-
action of electrons, positrons and photons with descending
accuracy. The results derived in this section indicate, that
this probably also holds for fractional QED.
Furthermore, the results indicate, that a fractional QED
based on the Lagrange density (45) with a small coupling
constant g¯ and an abelian gauge field and QCD based on
the standard QCD Lagrange density with a strong cou-
pling constant g¯ and a non abelian gauge field may prob-
ably describe the same phenomena.
The results presented so far, encourage further studies
in this field. The next step is a thorough investigation of
the transformation properties of the proposed Lagrangians
under fundamental symmetry transformations. In the rela-
tivistic case, invariance of the Lagrangian and correspond-
ing wave equations under Lorentz-transformations has been
investigated for free fields e.g. in [10].
For example in case of the ordinary Dirac equation the
transformation laws for its solution and simultaneously
for the operator itself are automatically the same for free
equation and for the equation with the usual interaction.
On the other hand in [10] proof of invariance is given only
for free fractional fields and it is obvious that invariance
of corresponding fields with interaction represents a fur-
ther and probably much more complicated problem. And
without existence of transformation laws for all fields it is
not possible to assume that related Lagrangian is a scalar
quantity.
In the non relativistic case, invariance under spatial ro-
tations is a transformation of similar importance. There-
fore in the following section we will investigate the be-
haviour of the fractional Schro¨dinger equation under spa-
tial rotations.
7 The internal structure of fractional particles
Properties of particles, which are described by wave equa-
tions, may be investigated using the commutation rela-
tions of fundamental symmetry operations.
Lets call a particle elementary, if it is described by a
potential- and field-free wave equation. If in addition there
is an internal structure, which is determined by additional
quantum numbers, it may be revealed e.g. considering the
behaviour under rotations.
We will investigate the most simple case, the behaviour
of the fractional Schro¨dinger equation (63) under rotations
in R2 about the z-axis.
Using the Leibniz product rule (4) the fractional deriva-
tive of the product xf(x) is given by
∂αx (xf(x)) =
∞∑
j=0
(
α
j
)
(∂jxx)∂
α−j
x f(x) (91)
=
(
x∂αx + α∂
α−1
x
)
f(x) (92)
We define a generalized fractional angular momentum op-
erator Kβ with z-component Kβz
Kβz = i
(
h¯
mc
)β
mc (x∂βy − y∂
β
x ) (93)
The components Kβx ,K
β
y are given by cyclic permutation
of the spatial indices in (93). Using (91) the commutation
relation with the Hamiltonian Hα of the free Schro¨dinger
equation (63) results as (with units m = 1, h¯ = 1, c = 1):
[iKβz , H
α] = α
(
∂2α−1x ∂
β
y − ∂
β
x∂
2α−1
y
)
(94)
Setting β = 1 we obtain for the z-component of the stan-
dard angular momentum operator Lz the commutation
relation
[Lz, H
α] = [Kβ=1z , H
α] = −iα
(
∂2α−1x ∂y − ∂x∂
2α−1
y
)
(95)
which obviously is not vanishing. Therefore particles de-
scribed with the fractional Schro¨dinger equation (57) con-
tain an internal structure for α 6= 1.
We now define the fractional total angular momentum
Jβ with z-component Jβz . Setting
β = 2α− 1 (96)
we obtain with J2α−1z = K
2α−1
z , and with (94)
[J2α−1z , H
α] = 0 (97)
this operator commutes with the Hamilton operator. There-
fore J2α−1z indeed is the fractional analogue of the stan-
dard z-component of the total angular momentum.
Now we define the z-component of a fractional intrinsic
angular momentum Sβx with
J2α−1z = Lz + S
2α−1
z (98)
The explicit form is given by
S2α−1z = ix
((
h¯
mc
)2α−1
mc∂2α−1y − h¯∂y
)
(99)
−iy
((
h¯
mc
)2α−1
mc∂2α−1x − h¯∂x
)
This operator vanishes for α = 1, whereas for α 6= 1 it
gives the z-component of a fractional spin.
Lets call the difference between fractional and ordinary
derivative δp, or more precisely the components
δpi = i
((
h¯
mc
)2α−1
mc∂2α−1i − h¯∂i
)
(100)
for S2α−1z we can write
S2α−1z = xδpy − yδpx (101)
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The components of a fractional spin vector are then given
by the cross product
S2α−1 = r × δp (102)
Therefore fractional spin describes an internal fractional
rotation, which is proportional to the momentum differ-
ence between fractional and ordinary momentum. For a
given α it has exactly one component.
With J2α−1x = K
2α−1
x and J
2α−1
y = K
2α−1
y , the com-
mutation relations for the total fractional angular momen-
tum are given by
[
J2α−1x , J
2α−1
y
]
= (2α− 1)
h¯
mc
J2α−1z p
2(α−1)
z (103)[
J2α−1y , J
2α−1
z
]
= (2α− 1)
h¯
mc
J2α−1x p
2(α−1)
x (104)[
J2α−1z , J
2α−1
x
]
= (2α− 1)
h¯
mc
J2α−1y p
2(α−1)
y (105)
with components of the momentum operator p or genera-
tors of fractional translations respectively given as
pβi = i
(
h¯
mc
)β
mc∂βi (106)
Therefore in the general case α 6= 1 an extended fractional
rotation group is generated, which contains an additional
fractional translation factor.
Hence we conclude, that fractional elementary parti-
cles carry an internal structure, which we call fractional
spin, because analogies to e.g. electron spin are close.
Consequently, the transformation properties of the frac-
tional Schro¨dinger equation are more related to the ordi-
nary Pauli-equation than to the ordinary (α = 1) Schro¨-
dinger-equation.
In addition, the results presented lead to the conclu-
sion, that the fractional magnetic field Bα interacts with
the fractional angular momentum and the intrinsic frac-
tional angular momentum simultaneously in a similar man-
ner as in the case with particles, described with the Pauli-
equation.
If we introduce a fractional external fieldA of the type:
A = {−
1
2
Bx1−αyzα−1,
1
2
Bxy1−αzα−1, 0} (107)
which for α = 1 reduces to {− 12By,
1
2Bx, 0} like (68),we
obtain the fractional Schro¨dinger-equation in analogy to
(79) as:
Hψ = −
1
2m2α−1
(∆αα + g¯αΓ (2− α)Bz
α−1J2α−1z )ψ = Eψ
(108)
which clearly demonstrates the close relationship with the
Pauli equation.
8 Conclusion
The principle of local gauge invariance has been applied to
fractional fields. As a result, we obtained the exact form
of an interaction up to order o(g¯) which corresponds to an
invariance under infinitesimal gauge transformations.
The resulting non linear field equations are extensions
of the QED equations, where the electric field Aµ extends
from a c-number to a non local operator, which we called
the fractional charge connection operator and where the
γµα-matrices obey an extended Clifford-algebra, which re-
flects the transition from SU(2) to SU(n > 2).
This makes the fractional QED an interesting candi-
date to describe properties of particles and gauge fields,
which obey an inherent SU(n) symmetry.
As a first application, we derived an analytic mass for-
mula of a non relativistic fractional charged particle mov-
ing in a constant fractional magnetic field.
Associating the particle with a quark and the frac-
tional magnetic field with the color magnetic field, this
formula reproduces the full baryon spectrum with an er-
ror less than 1%.
Therefore the step from free to interacting fractional
fields based on the principle of local gauge invariance opens
up a new exciting research area in fractional calculus.
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